Accepted for Publication in PRD 



Topological Solitons in Noncommutative Plane and Quantum Hall Skyrmions 



in 
o 
o 

(N 

D 
00 



> 

m 
o 

O 

o 



Oh! 



X 



Z.F. Ezawa^ and G. Tsitsishvili^'^ 
^Department of Physics, Tohoku University, Sendai, 980-8578 Japan 
^Department of Theoretical Physics, A. Razmadze Mathematical Institute, Tbilisi, 380093 Georgia 

(Dated: February 1, 2008) 

We analyze topological solitons in the noncommutative plane by taking a concrete instance of the 
quantum Hall system with the SU(N) symmetry, where a soliton is identified with a skyrmion. It 
is shown that a topological soliton induces an excitation of the electron number density from the 
ground-state value around it. When a judicious choice of the topological charge density Jo(x) is 
made, it acquires a physical reality as the electron density excitation Ap'^'(x) around a topological 
soliton, Ap'^'(x) = — Jo(x). Hence a noncommutative soliton carries necessarily the electric charge 
proportional to its topological charge. A field-theoretical state is constructed for a soliton state 
irrespectively of the Hamiltonian. In general it involves an infinitely many parameters. They are 
fixed by minimizing its energy once the Hamiltonian is chosen. We study explicitly the cases where 
the system is governed by the hard-core interaction and by the noncommutative CP'^"^ model, 
where all these parameters are determined analytically and the soliton excitation energy is obtained. 



I. INTRODUCTION 

Noncommutative geometrji has attracted much at- 
tention in a recent development of string theory, as 
triggered in part by the invention of noncommutative 
instantonsSi and soHtonsiS,. Since then, noncommutative 
soHtons have been studied in various noncommutative 
field theories such as the Abelian Higgs model^ and the 

The standard way of constructing a noncommuta- 
tive field theory is to replace the ordinary product by 
the Groenewold-MoyalS'i product (^-product) in the La- 
grangian density of the corresponding commutative the- 
ory. The replacement leads to interesting features reflect- 
ing the peculiarities of noncommutativity. In this light 
the noncommutative field theory appears as a theory of 
classical fields and comprise no underlyeing microscopic 
(second quantized) origin. 

On the other hand, it has long been known that 
the quantum Hall (QH) systemSii has its essence in 
the noncommutativitjiifliii of the coordinate of an elec- 
tron in the lowest Landau level and that its algebraic 
structureiSiiiiiii^ is Woo- A charged excitation is a topo- 
logical soliton identified with a skyrmionl^, whose exis- 
tence has been confirmed experimentallj«i2'i£^ by mea- 
suring the number of fiipped spins per excitation. Ac- 
cordingly there must be a microscopic soliton state in a 
consistent quantum field theory on the noncommutative 
plane. Indeed, a candidate of the microscopic skyrmion 
state was proposed2SiSiiS^ to carry out a Hartree-Fock ap- 
proximation to estimate its excitation energy. Thus the 
QH system is an ideal laboratory to play with noncom- 
mutative geometry and noncommutative solitons. How- 
ever, no indication of noncommutativity has so far been 
reproduced in the classical picture corresponding to these 
microscopic approaches. 

The aim of this paper is to fill out such a lack of inter- 
play between the noncommutativity in the microscopic 
theory and the noncommutativity in the classical theory. 

Taking a concrete instance of the QH system, we inves- 



tigate topological solitons in the noncommutative plane 
with the coordinate x — {x,y). The noncommutativity 
is represented in terms of the Moyal bracket as 



(1.1) 



with > 0. Employing the picture of planar electrons 
performing cyclotron motion in strong magnetic field, we 
demonstrate that the noncommutativity encoded at mi- 
croscopic level develops into the noncommutative kine- 
matical properties of the corresponding macroscopic ob- 
jects, which are the expectation values of quantum oper- 
ators. Such an observation is quite reasonable, since the 
noncommutativity appears as a property of the plane it- 
self, while the dynamics is the subsequent structure built 
over the plane. This approach is particularly useful to 
explore topological solitons since the topological charge 
is essentially a geometrical property. 

In the noncommutative field theory the basic object 
is the Weyl-ordered operatou^i together with its symbol. 
We denote the holomorphic basis by {|n); n = 0, 1, • • • }, 
in which the Weyl-ordered operator act. We consider the 
planar electron field V'ai(^) carrying the SU(N) isospin 
index ^ in the lowest Landau level, where the physical 
variable is the U(N) density Df^^{x) = ■0j(x)'0^(x) com- 
prising the electron density /9(x) and the SU(N) isospin 
density S'a(x). We define the associated bare density 
1)^1, (x), subject to the so-called Woo(N) algebraSi, and 
its classical field D'^^ (x) that is the expectation value by 
the Fock state in problem. We explore the kinematical 
and dynamical properties of the classical field l)^'^(x). 

We summarize our new results. First of all, we show 
that the classical field configuration, in particular the 
skyrmion configuration, satisfies the noncommutative 
constraint 



N 



1 

2^ 



^^;Ux) 



(1.2) 



Furthermore, we resolve the above noncommutative con- 
straint by introducing the noncommutative CP^~^ field 
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n^(x) with its complex conjugate n^(x), 

^^Ux) = ^n^(x)*n,(x). (1.3) 

Recall that the noncommutative CP field has so far been 
introduced by hands as a mere generalization of the or- 
dinary (commutative) CP fieldS.. 

We then define the topological charge density by the 
formula 

•'^o(x) = ^ ^[n^(x), n,,(x)]^. (1.4) 

It follows from H1.3II and lll.4|l that the density excitation 
Ap'^'(x) is essentially the topological charge density, 

Ap^'(x) = -Jo(x). (1.5) 

It is a novel property of a noncommutative soliton that 
it induces an excitation of the electron number density 
around it as dictated by this formula. There are many 
different but equivalent ways of defining the topological 
charge, but only this definition has such a special prop- 
erty. 

An immediate consequence is that a topological soli- 
ton carries necessarily the electron number AN^^ = —Q, 
where AA^^^' = Jd^xAp'^^x) and Q = J(fxJo{x). We 
should mention that this property has been know n^^i^^i^'^ 
since the first proposal of skyrmions in QH systems. Nev- 
ertheless, there has been no observation that the relation 
lll.5|l holds rigorously with the choice of the topological 
charge density H1.4II . 

Another remarkable result is that the skyrmion carry- 
ing Q = 1 is constructed as a Woo(N)-rotated state of a 
hole state. The corresponding CP^~^ field is given by 

= [Uf,{n)\n){n\+Vf,{n)\n + l){n\], (1.6) 

where is the Weyl-ordered operator whose symbol is 
71^ (x), while u^(n) and v^j,{n) are infinitely many param- 
eters charactering the skyrmion. These parameters are 
fixed once the Hamiltonian is given. 

As an example we study the case where the Hamilto- 
nian is given by the hard-core four-fermion interaction^^. 
Determining those parameters expHcitly we obtain the 
skyrmion state as an eigenstate of the Hamiltonian. 
The solution is found to possess a factorizable property, 
S'^'(x) = p'='(x)5a(x), where 5a (x) is the solution in the 
ordinary CP^~^ model. We call such an isospin texture 
the factorizable skyrmion. For the sake of completeness 
we analyze the skyrmion solution in the noncommutative 
QpAT-i jjjodel^. It is intriguing that skyrmions found in 
the hard-core modelS£ and the noncommutative CP^~^ 
model^ are the same one though these two models are 
very different. Finally we point out that a factorizable 
skyrmion cannot be a physical excitation in the Hamil- 
tonian system consisting of the Coulomb and Zeeman 
interactions. 



This paper is organized as follows. In section II we re- 
capture the basic moments of noncommutative geometry. 
In section III we review the properties of the density op- 
erator for electrons in the lowest Landau level. In section 
IV we discuss the topological charge in the noncommu- 
tative plane. In section V we consider the four-fermion 
repulsive interaction governing the dynamics of electrons 
in the lowest Landau level. In section VI we analyze the 
skyrmion as a Woo(N)-rotated state of a hole state. In 
Section VII we construct the microscopic skyrmion state 
in the hard-core model. In section VIII we analyze the 
noncommutative CP^~^ model. In section IX we derive 
the effective theory for the classical density I)^'y(x) and 
study a generic structure of classical equations of motion. 
We also make the derivative expansion of the energy and 
derive the noncommutative CP^~^ model as the lowest 
order term. Section X is devoted to discussions. In par- 
ticular we briefiy summarize the property of skyrmions 
in the realistic Coulomb interaction model. 



II. NONCOMMUTATIVE GEOMETRY 

The essence of noncommutative geometry becomes 
clearer when formulated in algebraic terms^I. Commuta- 
tivity of a plane implies the algebra of smooth functions 
over the plane, with the algebraic operation to be the 
ordinary multiplication. The plane with the coordinate 
X = {x,y) is said to be noncommutative if the algebraic 
operation is defined by 

/(x) ^ /i(x) = e-^^^-^^-/(x)/.(y)|y=x, (2.1) 

where 9 is the parameter of noncommutativity. The 
derivative is 

a,/(x) = -^6,,[x„/(x)]^, (2.2) 

where [/, 5]^ = f 9 ~ 9 * f is the Moyal bracket. The 
★-product Il2.1|l is known to be the only possible deforma- 
tion of the ordinary product provided the associativity is 
required. 

From Ij2.1|l we get 

X -k y — y X — —i9, (2-3) 

implying that the coordinates of a plane are noncommu- 
tative with respect to the algebraic multiplication law. 

We introduce operators X and Y forming the oscillator 
algebra, 

XY -YX ^ -i9. (2.4) 

The mapping {x,y) ^ {X, Y) generates that of a function 
/(x) into the corresponding operator 0[f], which is the 
Weyl-ordered operatOB^i, 

0[f]^^Jd'ke^^''f{k), (2.5) 
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where /(k) is the Fourier transformation of /(x), 

f{h)^^Jd'xe-^'^-fi^). (2.6) 

The function /(x) is referred to as the symbol of 0[f]. 
The inverse of H2.5|l is given by 

/(k) = eTr (e-*^0[/]) , (2.7) 

from which we find 

jd?xj{^)^2iTei:t{0[j]). (2.8) 

It follows from Ij2.5ll that 



(2.9) 



0[/]0[.9]-0[/*<?], 



which generalizes the correspondence between (I2.3|l and 

The creation and annihilation operators are con- 
structed from the algebra Ij2.4|l . 



6^ = (2.10) 



'26 V26' 
generating the holomorphic basis, 

|n) = i^|0), 6|0)=0, (2.11) 

in the Fock space. The Weyl-ordered operator 0[f] is 
presented as 

0[f]=Y^Omn[f]\m){nl (2.12) 

mn 

where the matrix Omn[f] is given by 

0™„[/] = (m|0[/]|n). (2.13) 
The inversion formula 112. 7|1 reads 

/(k) = (?^(n|e-"'^|m)0„,„[/]. (2.14) 

ran 

We have the chain of one-to-one mappings 

/ ^ 0[.f] ^ 0™„[/], (2.15) 
accompanied by the ones among the multiplication laws 
f^h <-> 0[f]0[h] ^ ^0™,[/]0,„[/i]. (2.16) 

In the subsequent sections we will reproduce the above 
constructions in terms of expectation values of field op- 
erators in the QH system. 



III. ELECTRONS IN THE LOWEST LANDAU 
LEVEL 

The system of electrons in the lowest Landau level pro- 
vides us with the simplest and concrete example where 
the principle of noncommutativity acquires a natural re- 
alization. In this section we recollect the basic moments 
and introduce the bare operators which play the key role 
in the consequent development. We assume the electron 
to carry the U(N) isospin index. We have N — 2 for the 
monolayer QH system with the spin degree of freedom, 
and = 4 for the bilayer QH system with the spin and 
layer degrees of freedom^. 



A. Quantum Mechanics 

A planar electron performs cyclotron motion in homo- 
geneous perpendicular magnetic field {A^^^ = ^B±eijXj). 
The electron coordinate x = (x, y) is decomposed into 
the guiding center X = {X,Y) and the relative coordi- 
nate R — {Rx,Ry), X = X-f R, where Ri — —eijPj /eB± 
with P = {Px,Py) the covariant momentum. 

In the first quantized picture the operators X and R 
are 



X, 



•2 



Ri — 2'^* ^ i^B^i'j^j 



The canonical commutation relation implies 

[Xi,Xj] 



[X,,Pj]^0, 



p2 ""^J' 



(3.1a) 
(3.1b) 

(3.2a) 
(3.2b) 
(3.2c) 



where is the magnetic length defined by i\ = h/eB±. 
The kinetic Hamiltonian with the electron mass M, 

^^K = ^ = ^{P. - iPy)iP. + ^Py) + (3.3) 

creates the equidistant Landau levels with gap energy 
hwc = heB±/M. 

Due to the noncommutative relation Ij3.2all an electron 
cannot be localized to a point and occupies an area 27r£^ 
in each Landau level. It is highly degenerate. The degree 
of degeneracy is given by the maximal affordable density 
of identical electrons given by — (27r^^)~^. It is equal 
to the magnetic fiux density, p$ = B±/^i^ with <i>D — 
2'Kh/e the Dirac fiux quantum. The maximal possible 
density is given by Npg, for electrons carrying the isospin 
index /i = 1, • • • , N. 

The algebra Ij3.2a|l acts independently within each 
level. Provided the magnetic field is strong enough, the 
gap energy huic becomes large compared with other char- 
acteristic energies associated with thermal fiuctuations or 



4 



electrostatic interactions. Then, excitations across Lan- 
dau levels are practically suppressed, and electrons turn 
out to be confined to the lowest Landau level. Namely, 
the degree of freedom associated with the algebra (I3.2b|l 
is frozen, and the kinematic Hamiltonian is quenched. 
This is the lowest-Landau-level (LLL) projectiouifliii. 

Consequently, the kinematics of the system becomes 
governed solely by the algebra Ij3.2all , which is identical to 
112. 4|l . The coordinates x and y standing in 112. 3|l appear 
in H3.1II as coordinates in the space of representation of 
(j3.2a,|l . The parameter of noncommutativity is 6* = 
and is carried through all the subsequent account. 

The wave functions of electrons in the lowest Landau 
level are given by 



(3.4) 



with z = {x + iy)/V9, where n labels the degenerate 
states with respect to the orbital momentum eigenvalue. 
We call the state |n) the Landau site. We denote the 
number of Landau sites by N<f,, which is equal to the 
number of flux quanta passing through the system. The 
set Il3.4|l agrees with the x-representation of the states 
II2.11|I . Though (x|n) are orthonormal one to another, 
their set is not complete, leading to the nonlocalizability 
of an electron to a point when it is conflned to the lowest 
Landau level. 



B. Second Quantization and Bare Densities 

In constructing the second quantized picture we intro- 
duce the fermion field operator 



(3.5) 



n=0 



where /i = 1, . . . , TV is the isospin index associated with 
the algebra U(N). The fermion operators satisfy the stan- 
dard anticommutation relations. 



{c^(TO),4(n)} = Sf^^Srr 



(3.6) 



The operator cj,(n) creates an electron with the isospin 
/X in the Landau site n. 

The physical variables are the number density 
/o(x) = 2p^x)^jJ{x) and the isospin density S'a(x) = 
^1|^^x)Xa1p{x) with the Gell-Mann matrix Aq. It is con- 
venient to introduce the density operator, 

i?^,(x) = Vi(x)V'M(x), (3.7) 
comprising the number and isospin densities as 

D^4x) = ^<5p.p(x) + (A,)^,5,(x). (3.8) 

Substituting H3.5|l into 113. 7|l . we obtain 

i?^,(x) =^(n|x)(x|m)i?^ {m,n), (3.9) 



where 

Df,i,{m, n) = 4(n)c^(m). (3.10) 
Using the relation 

d^x{n\x){x\m)e-'^'' = e'^'^''' {n\e-'^^\m) , (3.11) 

we get 



^p.(x)-^ / d'ke-i''~D^,{k) 



(3.12) 



where 



^M.(k) = ^ ^(n|e-'''^|m)D^,(m, n). (3.13) 



Its Fourier transform reads 
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i?M-(x) = —J d'kD^A]^)e'^^, (3.14) 
which is related to D^,y(x) as 

I?^.(x) - 1 d^ye-\--y\''<'b^,{y). (3.15) 

We call D^u the bare density. This relation implies that 
the physical density D^^{-x.) is not locaHzable to a point. 
Integrating both sides of (j3.15ll we get 

d^xD^^iii) = j d^xD^^ix), (3.16) 

which indicates that H3.15II is just a smearing of Df^^{x.) 
over some area of order of 9. The operator II3.14|I may 
be regarded to describe some kind of cores located inside 
the physical objects associated with £'^i/(x). 

C. Woo(N) Algebra 

The algebraic relation 

[Df^^{m, n),D„r{s, t)] =5^rSmtDa,.{s, n) 

- da„SsnD^r{m,t) (3.17) 

hold between the density matrix operator, as is easily de- 
rived from the anticommutation relation 113. 6|l . We com- 
bine this with the magnetic-translation group property. 



e^''Xe^'''^ = e*(''+''')^exp 



-6ikAk' 



(3.18) 



which summarizes the noncommutativity of the plane. In 
this way we obtain 

27r[i)^,(k),7),,(k')] 

= 5^re+^'''''''' Dauik + k') - S^.e-i''^'^''' D^rik + k') 

(3.19) 
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in terms of the bare operator . We may rewrite it 

as 



(3.20a) 
(3.20b) 



[p(k),p(k')]=-p(k + k')sin 

[Sa(k), p{k')] ^-Saik + k') Sin (e^^ 
TT \ Z 

[Saik), Sbik')] ^^f,,J,{k + k') COS (^0^ 

+ —dabcSci^ + k') sm 9—- 

ZiT \ Z 

+ ^W(k + k')sm(^^^ 

(3.20c) 

where the summation over the repeated isospin index is 
understood. We have named this the Woo(N) algebraiS4 
since it is the SU(N) extension of Woo- Its physical im- 
pUcation is an intrinsic entanglement between the elec- 
tron density and the isospin density. The entanglement 
is removed in the commutative limit, 6 ^ Q, where it is 
reduced to the U(1)(8)SU(N) algebra. 



IV. NONCOMMUTATIVE KINEMATICS 

In this section we study how the noncommutativity 
presented in microscopic theory generates a constraint on 
classical objects. We first define the class of Fock states 
we work with and then derive a noncommutative relation 
satisfied by the expectation value of the bare density. We 
subsequently introduce the noncommutative CP'^"^ field 
by resolving the noncommutative constraint, and discuss 
topological aspects with the use of the noncommutative 
CP^-i field. 



A. Fock States 

We consider the class of Fock states which can be writ- 
ten as 



16) 



iW\ 



6o), 



(4.21) 



where W is an arbitrary element of the algebra Woo (N) 
which represents a general linear combination of the op- 
erators H3.10II . The state |6o) is assumed to be of the 
form 



1 (") 



|0), 



(4.22) 



where i^^{n) takes the value either or 1 specifying 
whether the isospin state fj, at the Landau site n is occu- 
pied or not, respectively. 



by 



The amount of electrons at the Landau site n is given 



N 



(4.23) 



and may take a value from up to N. The filling factor 
is defined by 



^4.-1 



(4.24) 



where the thermodynamical limit iV$ ^ oo is implied. 
The electron density is homogeneous in the ground state, 
v{n) =constant. 

The electron number of the Woo(N)-rotated state 
II4.21|I is easily calculable, 

(6|7Ve|6> - (eo|e-^^7V^e+'^|6o) - (6o|iVe|6o), 

(4.25) 

since the total electron number 

^<' = EE4(")^A.W (4.26) 

n /I 

is a Casimir operator. The electron number of the state 
1 6) is the same as that of the state |So). We set 

AiV,^' - (e|7Ve|6) - (g|iVe|g) = Jd'xAp^\K), (4.27) 

where (g|iVe|g) is the total electron number in the ground 
state |g), and ANf is the number of extra electrons car- 
ried by the excitation described by the state |6). It is an 
integer since {6o\Ne\6o) is an integer as well as (g|iVe|g). 

The class of states of the form Ij4.2ip together with 
II4.22|I does not embrace the whole Fock space. Neverthe- 
less, it is general enough to cover all physically relevant 
cases in our analysis where the filling factor f is taken to 
be an integer. Indeed, as far as we know, perturbative 
excitations are isospin waves and nonperturbative exci- 
tations are skyrmions in QH systems. The corresponding 
states belong surely to this category. 



B. Noncommutative Constraints 

The classical field is the expectation value of a second 
quantized operator such as 



^^Ux) ^ (6|£)^.(x)|6) 



(4.28) 



From (|3.13|l we have 

^mIW - ^$](m|e-^''^|n)I?^U"^,^), (4.29) 



where 



D''im,n) = (6|4(n)c^(m)|e). (4.30) 
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It is identical to H2.14|l when we set /(k) = l)j^'j,(k) and 
Omn[f] — D'j^^{m,n)/2Tr9. Hence, from the matrix ele- 
ment D'j}^{m,n) we may construct a Weyl-ordered oper- 
ator whose symbol is D'^^{x.). 

As we derive in Appendix El the classical density sat- 
isfies the relation 

Y,D'^Am,s)Dt{s,n) = D'^^,{m,n). (4.31) 



In terms of symbols it reads 



where n denotes the complex conjugate of n. Here and 
hereafter the summation over the repeated isospin index 
fi is understood. Then it is trivial to see that the relation 
(I4.32|l is resolved by 

^^:Ux) = :t^E"mW*^^W' (4-36) 



or 



(4.37a) 



^ ^ ' 2710 ^ ' " 

j2DU^)^Dt{^) = ^DU^). (4.32) 1 V-n A -sf , 

f-{ 27r6l S'^'(x) = — 2^(AJ^^<(x)*n;,(x). (4.37b) 



The noncommutativity encoded in (|3.2a,|l has become 
perceptible at the classical level in terms of the bare 
quantity D'^^ (x) . This is the noncommutative constraint 
on the bare density. 

We may rewrite II4.32|I as the constraints on the bare 
densities /o'^'(x) and S^\x) given by 

^mI(x) = ^S^.P'\^) + (Aa)^.^S'(x), (4.33) 

where /5<='(x) = (6|p(x)|e) and S^\k) = (6|S'a(x)|6). 
Substituting this into II4.32|I and using the properties of 
Gell-Mann matrices we come to 

5S'(x)*^S'(x) = ^/5^'(x) - ^p^'(x)*p^>(x), 



(4.34a) 



1 



= 4^^^'(") - 2^^^' W - Sl\x) - ^^S'(x) * P^'(x). 

(4.34b) 

These two relations are the manifestation of the mi- 
croscopic noncommutativity at the level of the classical 
fields. 



Noncommutative CP 



Field 



Changing the order of multiplicatives in Il4.37all and using 
II4.35|I we obtain 

^^'W=2^^ + i5:["^W'-^W].- (4-38) 

s 

The first term represents the homogeneous part of the 
electron density. Note that po = vp^ = v/2tt9 is the 
electron density in the ground state. Comparing this 
with l(T?7ll we find 



(4.39) 



which is the density excitation from the ground state 
realized in the state H4.21II . 

At the fining factor v = 1, which we study mostly in 
what follows, we have a single TV-component column n(x) 
satisfying 



n^(x) ★n^ (x) = 1, 
and the bare density reads 

1 



(4.40) 



^MUx) = ^n^(x)*n.(x), (4.41) 



Due to the involution of the ★-product in II4.34|I . the 
structure of the fields p'^'(x) and S^^{x) is very compli- 
cated, and a comprehensive analysis of these equations 
is quite far from being trivial. We investigate relatively 
simple cases of integer filling factors. In the physics of QH 
systems the integer value of v is related with the integer 
quantum Hall effect, which is much simpler in structure 
than the fractional one realized at a certain fractional 
value of 1^. In this case we are able to present a system- 
atic way of resolving the noncommutative relations II4.34|I 
or llO^ . 

We introduce the f amount (r = l,...,i^) of fields 
n''(x) each representing a column with N complex com- 
ponents. They are required to be orthonormal 



or 



P^\^) = ^'^m(x)*»^m(x), 
'S'a'(x) = -^{Xa)^,^.n^{x)■knf,{x). 
They are represented as 



n^n^ = 1, 



and 



(4.42a) 
(4.42b) 

(4.43) 

(4.44) 



<(x)*<(x)=5'- 



(4.35) 



in terms of the Weyl-ordered operator whose symbol 
is the CP^-i field n^(x), = 0[n^]. 
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We study a local noncommutative phase transforma- 
tion of n^(x). Let C/(x) be a complex valued function 
satisfying 

C7(x)*[/(x) = t/(x)*t/(x) = 1, (4.45) 
which is constructed as 

[/ = e:« = l + ze+^e*e + --- (4.46) 

with ^(x) being an arbitrary function. Then the local 
U{1) transformation of n^(x) is given by 

Hf, (x) n'^ (x) = Uf, (x) ★ C/(x) , (4.47a) 
(x) ^ n'^ (x) = ;7(x) * (x) , (4.47b) 

which are consistent as a matter of (/ * /i) =h-kf. The 
classical density II4.42|I as well as the noncommutative 
normalization condition Ij4.4()ll are invariant under the 
transformation. 

In general, at the integer filling factor ly, we introduce 
the Grassmannian G n,u field-? as a set of the amount 
of the CP^-i fields, 

Z(x) = (711,71^,... ,n;;). (4.48) 

Under a local U (x) transformation, 

Z(x) ^ Z'{x) = Z{x) * t/(x), (4.49) 

the classical density Ij4.;^7|l as well as the noncommutative 
normalization condition Il4.^i5|l are invariant. 

D. Topological Charge 

There exist several equivalent ways of defining the 
topological charge associated with the CP^~^ field in 
the ordinary theory on the commutative plane. One of 
them reads 

Q = ^,'^1 E / '^'^ {dkuDidml). (4.50) 
We generalize it to the noncommutative theory as 

since the Moyal bracket is expanded as 

[n^(x),n^(x)]. = -i6e,kd,nl{x)dknl{x) + 0{e^), 

(4.52) 

and the quantity H4.51|l is reduced to the topological 
charge Ij4.5flll in the commutative limit (6* ^ 0). 

We now show that the quantity II4.51|I satisfies all 
standard requirements that the topological charge should 
meet. The topological charge density is 

■^oW^ 2^E[^m(^)'"^(^)]- (4-53) 



First, due to an important property of the star product 
such that 

/(x)*5(x) - /(x).g(x) +afeAfe(x), (4.54) 

the density is expressed as Jo(x) = 9fcAfe(x) with a cer- 
tain function Afe(x). Thus H4.51II reads 

Q = j (fx Jo(x) = j>dxk Afc(x), (4.55) 

where the contour integration is taken along a circle of 
an infinite radius. At the spatial infinity, the normaliza- 
tion (I4.4fl|l turns into a commutative condition (since the 
derivatives must vanish) , and the asymptotic behavior is 
given by ^/^(x) ~ r°, yielding A^ . Thus, Q ^ §dd 

with t? the azimuthal angle. The integration over the an- 
gle gives the number of windings. This is the standard 
way how the number of windings appear. 

We next examine the conservation law. We obtain 

So Jo =^^[aon;,(x),n^(x)]^ 

+ ^ E["m(^)' ^ori^(x)]. = dkJk. (4.56) 

where the existence of Jk is guaranteed by the property 
II4.54|I . Based on dimensional considerations, the quan- 
tity Jfe behaves as Jk ^ asymptotically, implying the 
vanishing of the corresponding surface integral, and the 
conservation of the topological charge, d^Q = 0, holds. 

As we have stated, there are several ways of defining 
the topological charge Q. Needless to say, they are all 
equivalent. Nevertheless the topological charge densities 
are different, and in general they have no physical mean- 
ing. Among them the topological charge density ()4.5^-{|l 
has a privileged role that it is essentially the electron 
density excitation induced by the topological soliton, 

Jo(x) = -Ap^'(x), (4.57) 

as follows from the comparison of H4.53II with H4.39II . 
Hence the topological charge is given by 

Q ^ - JfxAp'\x) ^ -ANf, (4.58) 

which is an integer. Consequently the noncommutative 
soliton carries necessarily the electric charge proportional 
to its topological charge. This is a very peculiar phe- 
nomenon that occurs in the noncommutative theory. 

V. HAMILTONIAN 

We have so far been concerned with the kinematical 
properties of the noncommutative electron system. Re- 
call that the LLL projection quenches the kinetic Hamil- 
tonian and brings about the noncommutativity into 
the system. We now investigate interactions between 
electrons which organize the system dynamically. 



8 



Four-Fermion Interactions 



where 



We take a four-fermion interaction term, 

Hv^lJ d^xd^y - y)Ap(x)Ap(y), (5.1) 

where Ap(x) is the density excitation operator, 

Ap(x) = p(x) - po, (5.2) 

and Po denotes the homogeneous density of charges pro- 
viding the electric neutrality in the ground state. In the 
real QH system T^(x) is given by the Coulomb potential, 
but here we only assume that it represents a repulsive 
interaction. 

As we have already mentioned, we consider the sys- 
tem at an integer filling factor v. Each Landau site 
can accommodate up to N electrons of different isospins. 
The cases oi — and v = N are trivial since the 
isospin polarization is zero, where Landau sites are ei- 
ther all empty or all occupied. Nontrivial filling factors 
are v = 1, . . . , N — 1. The fillings v and N — v are equiv- 
alent in the sense of particle-hole symmetry. 

Substituting the density operators H3.5II into 115. l|l we 
obtain 



(5.3) 



where A^e — + AA^e, cind 



K™, = d2fcy(k)e-^'''/2(m|e''^^|n)(z|e-*^|j), 

(5.4) 

with F(k) the Fourier transformation of the potential 
y(x). We have used the notation 



For later convenience we also define 



(5.5) 
(5.6) 

(5.7) 



(5.9a) 

Ex = -VrnmjD'^^ij, 771)0^^(71, t) + Nfe^, (5.9b) 

with Nf = vN^ + I^Nf. Here Ej^ and E^ represent the 
direct and exchange energies. 

It is straightforward to represent them in the momen- 
tum space by using Ij4.29ll and 115. 4|l . 

=7r j d2fcy(k)e-5«fc' |Ap'='(k)f , (5.10a) 



Ex =7r / d2fcAVx(k) 



^S'(k) 



2 1 



i |P^'(k) 



(5.10b) 



where AVx(k) = Vx(0) - Vx(k) with 



Vx(k) 



/ f^2^g-i9kAk'„-iefc 



e-*^'=>(k'). (5.11) 



Note that both the energies are positive semidefinite since 
y(k) > and Ayx(k) > for a repulsive interaction. 
Here, p^i(k) = (6|/5(k)|6) and ^^'(k) = (6|5a(k)|6). 
It is remarkable that, though the Hamiltonian (|5.1|l in- 
volves no isospin variables, the energy H5.8|l of a state 
does. The direct energy E-q is insensitive to isospin ori- 
entations, and it vanishes for the homogeneous electron 
distribution since A/5'^'(k) = 0. The exchange energy 
Ex depends on isospin orientations. The isospin tex- 
ture is homogeneous when the isospin is completely po- 
larized, where S'^'(k) oc (5(k). Furthermore, /5'^'(k) a 5(k) 
due to the homogeneous electron distribution. For such 
a isospin orientation the exchange energy also vanishes 
since Ayx(k) = Fx(0) - Fx(k) = in Il5.10b|l . On the 
other hand, E^ > if the isospin is not polarized com- 
pletely since '5'^'(k) contains nonzero momentum compo- 
nents. Consequently the isospin-polarized state has the 
lowest energy, which is zero. Namely, all isospins are 
spontaneously polarized along an arbitrarily chosen di- 
rection. It implies a spontaneous symmetry breaking due 
to the exchange interaction implicit in the Hamiltonian 



Here, eo and ex are the direct and exchange energy pa- 
rameters, respectively. Note that Ylj ^nnjj and J2j ^njjn 
are independent of n, and the summation is taken over j 
with n arbitrarily fixed. 



B. Spontaneous Symmetry Breaking 

Using the four-fermion interaction Hamiltonian 115. l|l 
we evaluate the energy of the state |6) in the class Ij4.2ip . 
In Appendix A we derive the decomposition formula. 



E^ 



(em\&) = Er 



E^ 



(5.8) 



C. Ground State and Goldstone Modes 

The ground state is a spontaneously symmetry broken 
one, where the electron density is homogenous, p'^'(x) = 
Po = v/^-kO, and the isospin field is additionally a con- 
stant, S^{^) = 5°/27r0. Substituting these into the non- 
commutative constraint II4.34|I we find 



_ ~ v) 



a a 2N 

N -2u 



dabcSfiS^ — 



N 



St 



(5.12a) 
(5.12b) 
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At the filling factor v tlie isospin is normalized on the 
ground state in this way. The asymptotic behavior of 
the topological soliton is determined by these equations. 

We study small perturbative fluctuations of the isospin 
on the ground state. We may keep the electron density 
unperturbed, p'^'(^) = Po, to minimize the direct energy 
JEin3- Setting 

5S'(x) - 5a(x)/27r0, (5.13) 
and substituting these into II4.34|I . we find 



5a(x) ★5a(x) 



v{N - v) 



(5.14a) 



27V ' 

(«/abc + fiafcc)5b(x) ★5c(x) = — ^^^5a(x). (5.14b) 

The Goldstone modes, which are small fluctuations of the 
isospins, are subject to these constraints. The exchange 
energy lj5.1flbll may be used as the effective Hamiltonian 
for the Goldstone modes. However, there are iV^ — 1 real 
components in iSa(x), but not all of them are indepen- 
dent. Because of this fact, except for the case of SU(2), 
it is quite difficult to analyze Goldstone modes based on 
Il5.10b|l . Later we shall derive the effective Hamiltonian 
in terms of the CP^"^ field: See jOlfll . 



VI. QUANTUM HALL SKYRMIONS 

We proceed to analyze topological excitations. As we 
have shown, a topological soliton necessarily carries the 
electron number. The simplest charge excitation is the 
hole excitation. It is curious but, as we shall soon see, a 
hole is a kind of skyrmion in the noncommutative plane. 
A generic skyrmion state is constructed as a Woo(N)- 
rotated state of the hole state. We start with a skyrmion 
with (5 = 1, and subsequently pass to a multi-skyrmion 
with Q = k. It is to be remarked that the Hamiltonian 
is not necessary to develop a theory of skyrmions. What 
we use is only the fact that the ground state is a sponta- 
neously symmetry broken one. 



A. Microscopic Skyrmions 

The ground state is expressed as 



(6.15) 



n=0 



where a constant vector stands for the isospin com- 
ponent spontaneously chosen, obeying the normalization 
condition 



The ground state satisfies 

p(m,n)|g) =(5™„|g), (6.17a) 

{g\Sa{m,n)\g) =^^m7l9^Ma)^,,y9l^■ (6.17b) 

The simplest charge excitation is a hole excitation given 
by 



\h)^g,c,{0)\g), 



(6.18) 



with its energy (h|i?v|h) = ex- 

We consider a Woo(N)-rotated state of the hole state 
|h), 

OO 

|S,ky) = e^^lh) = e^^ n aAi^ + 1)|0), (6.19) 

where W is an element of the Woo(N) algebra H3.19|l . 
As we have noticed in Ij4.27|l , the electron number of this 
state is the same as that of the hole state, or AN^^ = — 1. 

The simplest Woo(N) rotation mixes only the nearest 
neighboring sites, and is given by the choice oi W = 

En=0 with 

iWn = anh^glc^^{n)cy{n + 1) - anh*^g^cl{n + l)cp(n), 

(6.20) 

where a„ is a real parameter, and ft-^ is a constant vector 
orthogonal to , 



hf^hf, = 1, = = 0. 



(6.21) 



Note that Wn is a Hermitian operator belonging to the 
Woo(N) algebra. Remark that [Wn,Wm] = 0, as follows 
from Ij6.21|l in the case of to = n + 1 , and trivially in all 
other cases. We define 

et(n)=e+^^g^ct(n+l)e-^. (6.22) 

It is easy to show that 

^\n) = u^{n)cUn) + v^{n)cUn + 1), (6.23) 



where we have set 



,(n) = /i^sina„, Vfj_{n) = g^cosa„ 



The conditions 



Ufj,{n)u^{n) + Vfj_{n)v^{n) =1, 
Vfj.{n)u^{n + 1) =0, 

follow on u^(n) and v^[n). It is necessary that 



(6.24) 



(6.25a) 
(6.25b) 



lim uJn) = 0, lim vJn) = gn, (6.26) 

n — >oo n — 'OO 

since the skyrmion state should approach the ground 
state asymptotically. 

The operator ■^('^1) satisfies the standard canonical an- 
ticommutation relation. 



9^^9^^ = 1- 



(6.16) 



{^(to), e^(n)} = (5„„, mm),an)} = 0, (6.27) 
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as is verified with the use of the condition H().25ll . The 
hole state is a special limit of the skyrmion state with 
Ufi{n) — and Vf_i{n) — g^j_ for all n. 

It is now easy to see that the Woo(N)-rotated state 
H().19|l is rewritten as 

oo 

ISsky) = n^^HlO) (6-28) 

n=0 

by the use of ll02)l and g-^'^-lO) = 0. This agrees with 
the skyrmion state2fi proposed to carry out a Hartree- 
Fock approximation. 

Multi-skyrmion states are given by ll(i.28|l with 

S}{n) = u^(n)ct (n) + v^{n)cl{n + fc), (6.29) 

where k indicates the amount of skyrmions. Normal- 
ization is still given by l|6.25a,ll but Il6.25b|l replaced by 
v^{n)u^{n + fc) = 0. In a single skyrmion case the near- 
est neighboring sites are mixed in operators £,{n). For 
k = 2 the mixing appears among the sites with even n 
and separately among the ones with odd n, while no mix- 
ing appears among even and odd sites. In this sense there 
arise two separate chains of mixed sites, where the above 
steps can be carried out separately. In the case of general 
k there are k separate chains, so nothing essentially new 
occurs, and the analog of Ij6.19ll appears as 

oo k — 1 

n=0 n=0 

(6.30) 

where |g) is the ground state given by H6.15|l . The elec- 
tron number is evidently given by AN^^ — —k. 

B. Noncommutative CP'^"^ Skyrmions 

We construct the noncommutative CP^~^ field de- 
scribing the multi-skyrmion state (l(i.28|l with (I6.29|l . For 
this purpose we calculate the quantities 

= (e.ky let (n)c^(m) 1 6,ky) (6.31) 

for the multi-skyrmion state. It is straightforward to 
show 

c^(TO)iesky) = [Uf,{m,)^{m) + v^{m ~ a)^{m - a)] \&sky), 

(6.32) 

where the convention v^{m) = for m < is introduced. 
We then use 

(6skylC^(m)C(n)|6,ky) = Smn (6.33) 

together with Il6.32|l , to find the only nonvanishing values 
of D^'y(m, n) to be 

D^',^(n, n) =Uf^{n)ui,{n) + v^{n - k)v^{n - k), 
D%{n, n + k) ^Uf,{n)v„{n), 

D%{n + k, n) ^v^{n)u^(n). (6.34) 



This gives the Weyl-ordered operator as 

= [u^{n)uy{n) +Vf_,{n- k)vy{n - k)] \n){n\ 

+ u^{Ti)v^{n)\n){n -|- fc| + Vf^{n)u^{n)\n + k) {n\. 

(6.35) 

Comparing this with II4.44|I we uniquely come to 

oo 

= ^ [u^,{n)\n){n\ + w^(n)|n + k){n\] , (6.36) 

n=0 

whose symbol is2I 

oo 

n^x) ==2e-^"^ ^(-l)"u^(n)L„(2fz) 

71=0 

+ 2t+iz'=e-- £ i^£^.,(n)L^i(2z-z). 

(6.37) 

This is the noncommutative CP^~^ field describing the 
multi-skyrmion state. 

C. Topological Charge of Skyrmions 

We have already shown that the topological charge is 
given by Q = —AN^^ — k for the multi-skyrmion state 
via the charge-number relation Ij4.58ll . We confirm this 
by an explicit calculation. 

In the Weyl form the topological charge 114.5111 is ex- 
pressed as 

Q = T\-([nt,n^]). (6.38) 

Here, we cannot use Tr:{[A,B]) =Tr(AB)-Tr(BA) = 0, 
which is valid only if Tr{AB) and Tr(i?A) are separately 
well defined. This is not the case here, and the trace 
operation must be carried out after the commutator is 
calculated. 

Using II6.36|I we obtain 

oo 

i^mJ = J2 ^A'W^M W ~\n + k){n + k\] . 

n=0 

(6.39) 

This is still inappropriate for calculating the trace, since 
the separate pieces are divergent due to the behavior 
b/i(«)| ^ 1 as TT, — > oo, as implied by the boundary con- 
dition (|6.2fi|l . We rewrite the formula in terms of (n) 
instead of v^{n), and obtain 

k— 1 oo 

^^\n){n\ -^u^,{n)u^,{n)\n){n\ 

n=0 n=0 
oo 

+ ^Ui,{n)ui,{n)\n + k){n + k\. (6.40) 

Each piece is well defined since u^{n) ^ as n ^ oo, and 
the traces can be calculated separately, which eventually 
leads to Q = A:. 
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D. Hole State 

In order to understand the difference of the noncom- 
mutative theory from the commutative one, it is instruc- 
tive to analyze the hole state Hfi.1811 more in details. To 
make the argument as simple as possible, we consider 
the SU(2) spin system with the ground state being the 
up-spin filled one, 

\g)^l[c\{n)\0). (6.41) 

The hole state is 

|h)=CT(0)|g), (6.42) 
with its bare density being 

p^'(x)=Po(l-2e-'^'/«), (6.43a) 
5^>(x)=Sj'(x)=0, ^,^'(x) = ip^>(x). (6.43b) 

It represents literally a hole of the size Vd. The spin 
texture is trivial. 

In the commutative theory, the topological number is 
given by Il4.5fl|l . or 

Q - T^eki V / d^x {dkn^)idin^), (6.44) 

which is equivalent to the Pontryagin number, 

Qp = ^ J (fxeabc£ijSa{diSb){djSc). (6.45) 

Here Sa is the normalized spin density, Sa = 
\nfj^{aa)^iiyn^, with fia the Pauli matrix. We would obvi- 
ously conclude Q-p = for the trivial spin texture such 

as Kml. 

However, this is not the case in the noncommutative 
theory. According to the argument presented in the pre- 
vious subsection, its topological charge is given by 



Q = Tr([nt,n^])-Tr(|0)(0|) = l, 



(6.46) 



since u^{n) = for all n in II6.4()|I . There is no mystery 
here. Let us explain this by calculating the topological 
number explicitly in the coordinate space. 

The CP^ field which gives the trivial spin texture 
Ij6.43b|l via II4.37|I is highly nontrivial, 

nt(x) =2ize-""^ ^ ^^=J=LI{2zz), (6.47a) 



nx(x) =0. 



(6.47b) 



It is well defined everywhere. Only the asymptotic be- 
havior contributes to the topological number (I4.51|l in the 
noncommutative formulation, or equivalently to Ij6.44|l in 



the commutative formulation. Any finite order terms in 
n vanish in the limit zz ^ oo due to the term e~^^ in 
H6.47a,|l . Thus, in calculating the topological charge, we 
may replace 1/ yJ{n + \) by r(n + |)/r(n + 2), which is 
valid for 1. We then use?? 



(Ojr, 



.r4-i)(.x) = 



1 



(i-<)- 



M a; c; 



xt 
t- 1 



, (6.48) 



where M{a\ b; x) is the Kummer function. Taking a = |, 



c = 2 and t 



nt(x) 



-1, we obtain 



■'^^^\l('-2--zz 

r(2y^H2' ' 



z 



(6.49) 



where i9 is the azimuthal angle. It carries a proper wind- 
ing number. The topological number of a hole is clearly 
Q = 1, as is consistent with Ij6.46|l . 

Hence we conclude that a hole is a kind of skyrmion 
in the noncommutative theory: Its spin texture is trivial 
but the associated CP^~^ field is highly nontrivial and 
carries a proper winding number. 

It is easy to see what happens in the commutative limit 
for the hole state, where the CP^ field H6.47a,ll is reduced 
to 



n|(x) 



0. 



(6.50) 



It is ill defined at the origin. Hence we cannot calculate 
the topological charge by the formula (I6.44|l for the hole 
state. It is the essential feature of the noncommutative 
theory that such a singularity is regulated over the region 
of area 9. This is the reason why the noncommutative 
CP^ field for the hole state is well defined everywhere 
and carries a winding number. 



VII. HARD-CORE INTERACTION 

We have so far analyzed the kinematical structure 
of multi-skyrmions in the noncommutative plane. The 
QpAf-i £gjj^ given by II6.37|I contains infinitely many pa- 
rameters u^{n) and v^{n). These variables are to be fixed 
so as to minimize the energy of the state. Let us carry 
out this program by taking the hard-core interaction^^ 
for the potential V (x) in the Hamiltonian Ij5.1ll , 



y(x-y)=<52(x-y). 



(7.1) 



The Hamiltonian reads 



i?hc = ^ y d^x Ap(x)Ap(x). (7.2) 

For simpHcity we restrict the isospin SU(N) symmetry to 
the spin SU(2) symmetry in what follows. 

The matrix element (I5.4|l is easily calculable to give 
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which possesses the additional symmetry separately with 
respect to m ^ i and n ^ j. Due to this symmetry the 
Hamiltonian H7.2|l is reduced to 



(7.4) 



or 



i?hc = yd2a;^|(x)V^|(x)^xW^TW-^A^e''- (7-5) 



where we have used 



CD = ex = 



Aire' 



(7.6) 



which follows from (15.611 and 115. 7|l . 

A. Factorizable Skyrmions 

We consider the multi-skyrmion state H6.28II with 
ll?r^ . or 

^t(„) = u(n)c|(n) + i;(n)cj(n + /c). (7.7) 
Due to the anticommutation relation H6.27|l we have 

(7.8) 

and using H7.3|l we obtain 



(S«ky|^fhc|6«ky) = T-^ + ^ E 



(m + n + ky. 



mn 



v(rri)u(ji) 



(7.9) 



where we have accounted AiVg' = —k. The second term, 
being positive semidefinite, takes the minimum for 



v{n) 



^{n + A;)! u{n) u''' 
where lu is an arbitrary complex constant. This gives 



(7.10) 



\u(n)\^ 



UJ 



\2k 



|w|2'= + [(n + l)---(n + fc)]' 
2 _ (n + l)---(n + fc) 

|w|2'= + [(n + l)---(n + fc)] 



(7.11a) 
(7.11b) 



with the aid of the condition |u(n)|2 + |t;(n)|2 — 1. 
Using H6.^i2|l we can actually verify that 

i?hc|63ky) = -^AiV^i|6,ky) = ^I6sky), (7.12) 

when parameters u^{n) and v^{n) are given by H7.11|l . 
Consequently, |6sky) is an eigenstate of the Hamiltonian 



117. 5|l with AA^*^' = —k. The eigenvalue is independent of 
the scale parameter uu, and the skyrmion state is degen- 
erate with the hole state. 

The CP^ field H6.^ffi|l corresponding to the multi- 
skyrmion state is |6sky) expressed as 



rif =^^w(n)|n + A:)(n|, 

n 

x\i = ^u{n)\n){n\ 



(7.13a) 
(7.13b) 



with II7.11|I . We calculate this explicitly with the aid of 

ifrmi . 

From Ij2.11|l we have 



{h^f\n) = 
which leads to 

oo 



[n + k)\ 



{n + k)\ 



\n + k), 



(7.14) 



\n + k){n\. (7.15) 



Here we use (|7.1()ll and H7.13a|l to find 

which in terms of symbols turns into 

z'^*nx(x) = (V2tj)'=n|(x), 



where z-k = z^^^ has been used. 
Then the CP field reads 



z 



(7.16) 
(7.17) 

(7.18) 



with A = V2uj, where ^^(x) is the function of r = |x| 
only 



(x) = 2e-^"^ ^(-l)"u(n)L„(2z;^) 



(7.19) 



71=0 



It is to be noticed that the spin part is factorized as in 
II7.18|I . It is reminiscent of the skyrmion CP^ field 



71 (x) = 



\2k 



|A| 



2k 



Z 



(7.20) 



in the ordinary CP^ model (I9.22|) . 

Finally we calculate the physical quantities p'^'(x) and 
S'Jj'(x) for the multi-skymion state, 

p^'(x) = (6«ky|V'^(x)V(x)|6,ky), (7.21a) 

5S'(x) = i(6,ky|V'^(x)aa^(x)|6,ky). (7.21b) 

Substituting H6.34II with H7.11II into H4.29II . we obtain 
i)^'j,(k). Then, we construct D'^^^{x.) from (I3.12|l . which 
may be decomposed into p'^'(x) and S'Jj'(x). 
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In this way we come to 
27re 



|2fe 



/(- 



5c.(x) = ±if^V/fr!')cosfe^, 
27r6l \V2eJ \2e' 



1 

4^ 



where /(x) is given by 

00 



2ne \j2e \2e^ 



\2k 



20 



(7.22a) 

(7.22b) 
(7.22c) 
(7.22d) 

(7.23) 



and d is the azimuthal angle. It follows from H7.22II that 
5S'(x) = p^'(x)5,(x), (7.24) 

where 



5a(x) = in(x)(TQn(x) 



(7.25) 



with Ij7.2()|l . It is the nonlinear spin field normalized as 
5a(x)5Q(x) = 1/4, and given by 



5a; (x) 



Sy{x) = 



5,(x) 



-{\MrVe)' 

(r2)V(|A|20)^ 
'2 (r2)" + (|A|20)* 



■ cos fc-i?, 



■ sin 



(7.26a) 

(7.26b) 
(7.26c) 



It agrees with the skyrmion spin field in the ordinary 
0(3) nonhnear sigma model. The factorizability II7.24|I 
together with H7.26|l is a peculiar property. We call such 
a skyrmion a factorizable skyrmion. 



B. Zeeman interaction 

QH effects occur in the external magnetic field. The 
electron couples with the magnetic field via the Zeeman 
term in the realistic system, 

Hz = -Az jSxS.i^), (7.27) 

where — \g\^BB^ is the Zeeman gap with /is the 
Bohr magneton and g the magnetic g-factor. It is inter- 
esting to calculate the Zeeman energy of the factorizable 
skyrmion II7.24|I . 



For simplicity we study the simplest skyrmion with 
• = /c = 1. We may rewrite H7.23|l as 



/(•^) = 



It behaves as 



1 



-e-"M(|c^|2 + l;|L^|2 + 2;x). (7.28) 



x^(xi X X'^ 



Hence we obtain 



Hm /9<='(x) 



2110 



X"^ 



26i2|A|2 



(7.30a) 
(7.30b) 



The number of spins fiipped around a skyrmion is given 

by 



^spin ^ \d'x \ 5f (x) 



4716* J 



(7.31) 



which is identified with the skyrmion spin. We find 
^s-pm to diverge logarithmically, unless A = 0, due to 
the asymptotic behavior Il7.30b|l . The Zeeman energy 
(i?z) = —AziVspin is divergent, except for the hole, from 
the infrared contribution however small the Zeeman ef- 
fect is. 

The factorizable skyrmion Ij7.24|l is no longer valid 
in the hard-core model with the Zeeman term. There 
exists surely a skyrmion state which has a finite Zee- 
man energy once the factorizability is abandoned: See 
(jl0.9|l for an example. Nevertheless, we can show that 
the hole state has the lowest energy. The reason reads 
as follows. The factorizable skyrmion is an eigenstate 
of the hard-core Hamiltonian, -ffhclSijky) — i?hc|©sky) 
with = I A7V<=i 1/471-6', as in fTHll . Accordingly any 
spin texture |S) possessing the same electron number 
AiV<=' has a higher energy, (6|i7hc|6) > £^hc- Further- 
more its Zeeman energy is larger than that of the hole, 
(6|i/z|6) > iAz. Hence, 

(e|(ilhc + i^z)|6) >She + iAz, (7.32) 

where the equality holds for the hole state. Consequently 
there are no skyrmions in the presence of the Zeeman 
interaction in the system with the hard-core interaction. 



VIII. NONCOMMUTATIVE CP' 



MODEL 



In the previous section we have studied the skyrmion 
state II6.36|I in the hard-core model 117. l|l and determined 
parameters u^(n) and w^(n) explicitly. We have em- 
phasized that the skyrmion itself is independent of the 
Hamiltonian. For the sake of completeness we analyze 
the skyrmion state l|6.36|l in the noncommutative CP^^^ 
model. 
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The noncommutative CP^ ^ model is defined by the 
Hamiltonian^ 

Hcp = k9'^Tt [{dmnl){dmnf,) + (n|,5„np)(nt a^ni,)] , 

(8.1) 

where the derivative is given by Ij2.2ll or 

d.rXf,^ --e,j[Xj,n^]. (8.2) 
It is convenient to introduce the notation 

PgUp = V.j,n^ + iVyix^, (8.3) 

where 

I?,n^ = -iO-hij ([Xj, n^] - n^nj[Xj,n^]) , (8.4) 
and rewrite the noncommutative CP^~^ model II9.19|I as 

(8.5) 

We have already defined the topological charge Q by the 
formula II4.51|I . However, there are other equivalent ways 
of defining it, and here we use the representation 

Q = i^Tr [(I?,n^)t(P,n^) - {V,n^)\V,n^)] . (8.6) 

The equivalence is readily proved because the topologi- 
cal charge densities associated with Il4.51|l and Ij8.6ll are 
different only by a total derivative term that does not 
contribute to the topological charge. 

The BPS energy bound follows from Ij8.5ll and 118. 611 . 

Ex > nO\Q\. (8.7) 

This bound becomes saturated for 

T^z^fj, = (skyrmions). (8.8) 

or 

■D^n^ = (antiskyrmions) . (8-9) 

We consider the case of skyrmions in what follows. The 
self-dual equation Ij8.8|l takes the form 

(8.10) 

We consider expHcitly the case of SU(2) and look for the 
solution to Ij8.1()ll in the form Ijft.^ffill . or 



with 



n-]- = u(to)|to + fc)(m|, rij = u{m)\m){m\, 

m— m— 

(8.11) 

where |m(A:)P + |i'(fc)P = 1- This describes a multi- 
skyrmion carrying the topological charge Q — k. We 
get 

OO 

[6^nt] - n|n^[6^n^] = ^ /|(to)|to + fc + l)(m|, 

m=0 

OO 

[5t,nx]-nxn^[6^n^] = ^ /x(m)|m + l)(m|, (8.12) 

m=0 



fl (m) ~v{m)u{m + l)u{m + l)\/m + k + 1 
— v{ni + l)u{rn + l)u{m)\/m + 1, 



f l (m) =:u{m)v{m + l)v(m + l)\/m + 1 

— u{m + l)v{m, + l)v{m)\/ m + k + 1. (8.13) 

The equation HS.inil holds if fiim) = and /x(m) = 0. 
They lead to a single equation, which can be summarized 
as 



j{m) \/m + k v{m — 1) 



u{m) ^Jm u{m — X) 
This recurrence relation is solved as 



v(m) (m + fc)! 1 



(8.14) 



(8.15) 



where we have introduced the complex parameter to by 



^;(0) 



16) 



The parameters l|8.15|l are found to be the same as . 

Consequently the skyrmions are identical both in the 
hard-core model and the noncommutative CP^~^ model, 
though these two models are very different. We discuss 
the relation between them in Section 1x1 



IX. EFFECTIVE THEORY 

We have explored kinematical properties of the classi- 
cal density matrix D'^^^. It is interesting to discuss the 
dynamical property of the classical density, especially, 
what the equation of motion for D't}^ is. 



A. Classical Equation of Motion 

We start with the quantum equation of motion for the 
density matrix D^i,{k, I), 



ihj^D^^ik, I) - [D^,{k, l),Hy], (9.1) 



where iJy is the four-fermion interaction Hamiltonian 
115. l|l . By using (|3.17|l it is expHcitly calculated as 

ih-^Dja{k, I) =VmnkjDi^f_,{n, m)Djaij, I) 

- VmiijD^aik, m)Df^^{j, i). (9.2) 

We take the average of this equation with respect to the 
Fock state II4.21|I . Using 
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{e\D,^{n, m)Dr,[j,i)\&) 

+ (5>.^(5™£i^'^(j,m), (9.3) 
where Dl^^{n,in) = (6|£>,y^(n, m)|6) , we obtain 

-2VmmkD'^f,in,m)D^iil,i) 
-2V^nijD^\{j,m)D-^Jn,k) 
+ 2V^mkD'^^^{l.m)D%{n,i). (9.4) 

Provided the classical density Df}^{n, m) is endowed with 
the Poisson structure 

= Sf,rSrnjDa,.ii, n) - Sc^S^nD^^^im, j) , (9.5) 

it is straightforward to show that 119.411 is summarized 
into 

= [i^^U"^,^),^v]pB, (9.6) 

where Ey = {&\Hy\&) is the average of the Hamiltonian. 
As we have noticed in H5.8II . it consists of the direct en- 
ergy (I5.9a|l and the exchange energy lj5.9bp . 

It is remarkable that the Poisson structure Ij9.5|l is pre- 
cisely the same as the algebra II3.17|I . To see its signifi- 
cance more in details we combine it with the magnetic- 
translation group property Ij3.18|l . 

27rzS[I)^Uk), i^^V(k')]pB -<5,.e+t«kAk'^d + k') 

(9.7) 

It corresponds to the Woo(N) algebra Ij3.19ll . indicating 
that the classical density DJ^'^ should obey the Woo(N) 
algebra as well. 

It is important that the Poisson structure H9.7|l is re- 
solved in terms of the noncommutative CP^~^ field. The 
relation Ij4.41|l reads 

Ki^) d'fc'e-^^''^'^ n^(k')n.(k' - k) (9.8) 

in the momentum space, where «-^(k) is the complex con- 
jugate of np(k). Substituting this into H9.7II . provided 

ih[n^(k),n,{k')]pB = 2^%,(k' - k), (9.9) 

or 

iftK(x),n,(y)]pB = 27r%,(x-y), (9.10) 
we can easily show that Ij9.7|l holds as an identity. 



B. Derivative Expansion 

We proceed to derive the low energy effective theory 
of the Hamiltonian system Ij5.1|l in terms of the CP^~^ 
field. The corresponding energy consists of the direct 
and exchange energies i?D and Ex as given by Ij5.9all and 
Il5.9b|l . respectively. The direct energy is not interesting 
since it represents simply the classical energy of a charge 
distribution — eAp'^'(x). 

We analyze the exchange energy Ex- Corresponding 
to H4.44II we find 

D'^,{m,n)^{m\n^nl\n). (9.11) 

Substituting this into lj5.9b|l we come to 

= - / ^e-^'^'=V(k)TY-(n,nte*^n.nte-*^)-|-iV,^>ex, 

(9.12) 

where we have taken 115. 4|l into account. To bring it to a 
more reasonable form, we use 

7V,^' = Tr(n^nt), (9.13) 

and rewrite the exchange energy as 

X Tr (n^nj, - n^n^e^'^^n.nt e^^'^^) , (9.14) 

where the cancellation of divergences occurs at k = 0. 
We may change the order of operators under the trace 
simultaneously in both terms so that the cancellation at 
k = is maintained. We achieve at 

Ex = l ^e-^«^V(k)Tr (l - nj, e^'^^n, • nte^'^^n.) 

(9.15) 

where we have used the normalization nj^n^ ~ I. 

As far as we are concerned about sufficient smooth field 
configurations we may make the derivative expansion and 
take the lowest order term. Here we note that 

(9.16) 

Because the derivative is given by 112.211 or 

1 

d.,n^^--e,j[Xj,n^], (9.17) 

the derivative expansion corresponds to the expansion in 
X, 

gikx ^ J _^ -^.j^. _ Ik.kjXiXj + 0{X^). (9.18) 

Substituting this into H9.15|l and assuming the rotational 
invariance of V(k) we integrate over the angle in the mo- 
mentum space. In such a way, up to the lowest order 



16 



term of the derivative expansion, we come to 

=K6'^Tr [(9™n),)(amn^) + (nj,9mn^)(nt(9mnj.)] , 

(9.19) 

where the constant k is given by 



KEE ; / dkk^e^-^^^ V{k). 



(9.20) 



It agrees with the noncommutative CP^~^ model^. It 
is interesting that the noncommutative CP^~^ model is 
derived from the four-fermion interaction Hamiltonian ir- 
respective of the explicit form of the potential V (x) as 
the lowest order term in the derivative expansion. 

We can use the noncommutative CP^~^ model l|9.19|l 
as the effective Hamiltonian for the Goldstone modes, 
which are small fluctuations of the CP''^"^ fleld around 
the ground state. Such fluctuations occur without the 
density excitation (Apg'(x) = 0), thus minimizing the 
direct energy as i?D ~ 0. The condition reads 



np(x) ★ n^(x) = n^(x) ★ n^(x) = 1. 



(9.21) 



Furthermore, sufficiently smooth isospin waves are de- 
scribed in its commutative limit, 

Ey^ = k9'^ J (fx [(5mnjj)(5™n^) -I- (nj,9„n^)(nj;(9,„?i^)] , 

(9.22) 

which is the ordinary CP^~^ model. There are iV — 1 
complex Goldstone modes. 



X. DISCUSSION 

We have analyzed the kinematical and dynamical prop- 
erties of the classical density matrix D'^^ (x) in the non- 
commutative plane. In particular we have elucidated 
noncommutative solitons by taking a concrete instance 
of the QH system with the SU(N) symmetry. 

A microscopic skyrmion state with Q = 1 is a Woo(N)- 
rotated state of a hole state. The skyrmion texture is 
given by lll.6|l . or 

oo 

= [u^{n)\n){n\+Vf,{n)\n+l){n\] (10.1) 

with |M(ri)p -I- |w(n)p = 1. It contains inflnitely many 
parameters. They are flxed when the Hamiltonian is 
given. We have studied explicitly the hard-core model 
and the noncommutative CP^~^ model. In these models 
all those parameters are determined analytically except 
for the scale parameter uj, 



M^(n) 



(10.2) 



The skyrmion energy is independent of the parameter uj. 

It is intriguing that the skyrmions are identical both 
in the hard-core model and the noncommutative CP^~^ 
model. Let us examine this equivalence more in details. 
On one hand, in the noncommutative CP^~^ model the 
skyrmion energy is given by 



Eqp — K9k, 



(10.3) 



as follows from (I8.7|l . On the other hand, in the hard-core 
model it is given by Ij7.12ll . or 



he 



k 

4^' 



The parameter k is given by l|9.2fl|l . which reads 



(10.4) 



(10.5) 



Hence, these two energies are identical, Eqp = -Ehc- 
Namely, in the hard-core model the skyrmion energy 
coming from the lowest-order term saturates the total 
energy. It implies that the direct energy and the higher 
order exchange energy have precisely cancelled out each 
other. Such a cancellation is possible since both of them 
are short range in the hard-core model. 

The skyrmion solution obtained in these models satis- 
fles the factorizability property 



5S>(x)=p^>(x)5,(x), 



(10.6) 



where 5a(x) — in(x)Aan(x) with the Gell-mann matrix 
Aq. We have called them factorizable skyrmions. It is 
this class of skyrmions that has been studied in almost 
all previous works on QH systems. For instance we have 
studied skyrmions^iS^ in the semiclassical approximation 
based on the composite-boson picture, but it allows us 
only to consider such a limited class of excitations. 

However, as we have shown, the energy of the factoriz- 
able skyrmion is inflnite once the Zeeman effect is taken 
into account. Consequently realistic skyrmions in the 
QH system are not factorizable skyrmions. The factoriz- 
ability follows from the particular form Hlfl.2ll of param- 
eters u{n). Any other choice produces an unfactorizable 
skyrmion. 

The electron-electron interaction is given by the 
Coulomb potential V{x) = e2/47re|x| in the realistic QH 
system. Since the interaction decreases continuously as 
the distance increases, the direct Coulomb energy Ep, de- 
creases as the skyrmion size increases. However, a large 
skyrmion requires a large Zeeman energy. Hence, when 
the Zeeman effect is very large, what is excited is the hole 
state Ij6.18ll . Thus the total Coulomb energy is 



Er 



ex 



2 Stte^b' 



(hole). 



(10.7) 



On the other hand, when the Zeeman effect is inflnites- 
imal, an inflnitely large skyrmion is excited. It is well 
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approximated by the factorizable skyrmion, where the 
total Coulomb energy is 



(large skyrmion). 



(10.8) 



It is one half of the excitation energy of one hole. 

To determine a skyrmion excitation in general, it is 
necessary to carry out a numerical calculation by making 
an appropriate anzats on parameters u(n). For instance 
it is reasonable to choose 



(10.9) 



since the parameter t interpolates smoothly the hole (t = 
0) and the factorizable skyrmion {t — 1). As is reported 
elsewhere^, it is possible to explain the experimental 
dataiS based on this anzats in all range of the Zeeman 
gap Az. 

One of our main results is the rigorous relation between 
the electron number density and the topological charge 
density, 

Ap^'(x) = - Jo(x) - 5][n^(x), n^(x)],. (10.10) 

The topological charge density thus defined enjoys a priv- 
ileged role that it is a physical quantity essentially equal 
to the electron density excitation induced by a topolog- 
ical soliton. Accordingly the noncommutative soliton 
carries necessarily the electric charge. The topological 
charge Q = J(PxJq(x) becomes an integer for a wide 
class of states H4.21II . This class of states contains all 
physically relevant states at integer filling factors. How- 
ever, it does not contain states relevant at fractional fill- 
ing factors. In such a system the topological charge Q 
would become fractional since it carries a fractional elec- 
tric charge^!. We wish to generalize the present scheme 
to fractional QH systems in a future work. 
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APPENDIX A: DECOMPOSITION FORMULA 



The basic element in our analysis is the density matrix 



obeying the relation II4.31|I . or 



(A2) 



The decomposition formula (I5.8|l on the classical energy, 
or 



(6\Hy\e) ^ Eu + E^ 



(A3) 



with H5.9|l . has played an important role. We prove these 
relations. 

We consider a system with a finite number of Landau 
sites (m = 0, 1, . . . , N<s> — 1) assuming the Hmit oo 
in final expressions. It is important that the Woo(N) 
algebra Ij3.17ll is not violated in such a finite system. For 
the sake of convenience we combine the isospin and site 
indices into a multi- index M = (//, m) , which runs over 
the values M = 1, 2, . . . , 7V7V$. In terms of multi- indices 
the Woo(N) algebra turns out to be an algebra U(NN$), 
and the transformation rules for fermion operators are 



^-iWi+^W 



I' 



where U is an (NN^) x (NN^) unitary matrix 

UU'' = U'^U = l(NN^)x{NN^)- 

The state |So) given by H4.22II is expressed as 



|6o) 



n[4 



K=l 



Now it is easy to see 

(6o|4cj|6o) i^jSij, 

where Smn = Sfj,u6,nn- 

The density matrix (IA1|I appears as 

Dfj = (©l^czIS). 



(A4a) 
(A4b) 

(A5) 

(A6) 

(A7) 

(AS) 



Employing |6) = 6**^160) together with lUljl and (|T7jl 
we come to 



(A9) 



K 



(Al) 



From this we get 

J J 

where we have used ljA5p . 

Since j^j = or 1, we have (j^j)^ = I'j and come to 

E DfjD% ^ E ''jiU)ij{U^)jK = Df^, (All) 
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which is nothing but ljA2ll . or (|4.;^l|l . 

We next calculate the quantity {&\c\c^jCkCl\&) ■ For 
this purpose we use the same technique and also 

{<So\c\c\ckcl\&o) = vki'l{5jk5il - SikSjl), (A12) 
which holds due to the given particular structure of ijAfill . 



Collecting everything together we come to 

{e\c]c]jCKCL\e) = DtjDfj - DtjDfj. {A13) 

which turns out to yield the decomposition formula l|A3ll , 
or 
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